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Equation of state and manifestation of non-spherical contribution of  
interaction potential in liquid rubidium metal 
 
Abstract 
A semi-empirical equation of state is presented for the liquid rubidium metal. The Lennard-Jones (8.5-
4) potential model, which originally has been derived for liquid cesium metal, is found to be suitable 
for modeling of liquid rubidium metal as well. By applying the experimental PVT  data of compressed 
liquid metal in the range 500 K to 1600 K, the slope B , and intercept C , of the linear isotherms are 
determined and accordingly parameters of the potential function are calculated. The contribution of 
non-spherical part of the interaction potential to the second virial coefficient ns2B , is calculated by using 
the Boltzman factor that involves the proposed model potential. The multipole moments, standing as 
approximation of the non-spherical contribution by multipole expansion, are calculated by the Gaussian 
98W program at the B3LYP level of theory. It can be concluded that the slope of the isotherm 
conforms to ns2B  quite well, though some deviations at low s'T  exist. 
 
Keywords: Equation of state; Potential function; Liquid rubidium metal; Second virial 
coefficient; Multipole moments; Non-spherical interaction.  
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1. Introduction 
The interatomic interaction in liquid alkali metals strongly depends on the thermodynamic state of 
the liquid system [1]. The structure of the solid metal is usually considered to be a collection of ions, 
fixed in a solid matrix, creating an ionic lattice, with valence electrons delocalized over the whole 
lattice and, hence, electrons keep little correlation with their respective ions [2]. The ion-ion, electron-
ion, and electron-electron interactions in the system are the major interactions. For liquid densities near 
the melting point of an alkali metal, the interatomic pair potential resemble that of solid state and may 
be described by pseudopotential perturbation theory based on nearly free electron model [1]. On the 
other hand, the metal vapor is composed of ions in addition to neutral atoms, mainly forming clusters 
of different sizes [1]. The forces between an atom and these clusters are of the van der Waals type 
forces, and may be described by the Lennard-Jones (LJ) pair potential function [3]. In fact, the 
interatomic interaction for alkali atoms changes from a screened columbic potential to the LJ-type 
interaction as the density is decreased. This leads to a rather complex interatomic interaction and 
therefore any theoretical method for formulation of thermophysical properties of these metals would be 
successful provided that an exact estimate of interatomic interaction is available.   
In a series of investigations, the linear isotherm regularity (LIR) [4],  which was originally devised 
for normal fluids has been applied to describe the thermodynamic properties of liquid alkali metals 
[5,6]. LIR is based on the cell theory and considers only the nearest adjacent interaction. This equation 
of state for a LJ (12-6) fluid states that 2)1( VZ −  versus 2ρ  is linear, where RTPZ ρ/=  is the 
compressibility factor, V/1=ρ  is the molar density, V  is the molar volume, and RT  has its usual 
meaning. It applies highly accurate to a dense fluid and is valid for atomic, polar, nonpolar molecular 
systems, liquid mixtures, and quantum fluids [4]. A simple molecular model was shown to mimic the 
regularity to predict the temperature dependence of the intercept and the slope of 2)1( VZ −  versus 2ρ . 
These parameters are explicitly related to the intermolecular repulsion and attraction forces. This is 
because the nature of forces of LJ fluids is described well according to a definite dispersive interaction 
mechanism. Therefore it is of interest to investigate the detailed behavior of alkali metals in terms of a 
linear regularity isotherm specific to the system. 
In a recent study, we have demonstrated that the slope of a different linear regularity based on the 
LJ (8.5-4) potential function conforms and contributes to the second virial coefficient 2B , of cesium 
metal [7]. However, its value was only a fraction of 2B , and on this basis we have proposed that the 
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slope is proportional to the contribution of the non-spherical part of the potential function to the 2B . 
The validity of this proposal has been verified almost over the whole liquid range. As the usual 
practice, the agreement at low s'T  is small, but at high s'T  the agreement becomes good, and a perfect 
agreement is obtained, as the critical temperature is approached [7]. 
We will introduce a suitable potential function over the wide range of temperature to drive the 
linear isotherms. We apply only PVT  data to characterize the molecular potential parameters for liquid 
rubidium metal. The fact that the interionic interaction has an effect of softening on the repulsive range 
of the pair potential function forms the general basics for introducing the pair potential function. In this 
sense, rubidium is known to be harder than cesium [8]. Then we will calculate the contribution of the 
non-spherical interaction to the second virial coefficient of rubidium metal and demonstrate that it 
conforms to the slope of the corresponding linear isotherm. Multipole moments occur in the 
calculations, and their values are determined by ab initio methods. 
 
2.1 The isotherms   
In the previous investigations [9,10], we have shown that by modeling a system by LJ (m-n) potential 
function, one can obtain 
CBVZ nmm +=− − 3/)(3/ )/1()1( ρ       (1) 
where m  and n  are exponents of the corresponding repulsion and attraction terms of the potential 
function, respectively; B  and C  are constants characteristics of the fluid system. These constants are 
functions of temperature and the molecular potential parameters. The forms of B  and C  are originated 
by the forms of attraction and repulsion of the potential function, respectively. The molecular potential 
parameters are obtained in terms of B  and C :   
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where R  is the gas constant, N  is the Avogadro’s number, ε  is the potential well-depth, minr  is the 
position of the minimum potential, bccK  is a constant characteristics of the unit cell of the particular 
system, and the subscript bcc stands for body center cubic structure (assumed for liquid rubidium). For 
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a system with body center cubic structure  31bcc 43
/)N/(K = . β  is a constant value depending on m  
and n . 
The values of B  and C  can be determined from plot of the isotherm of the Eq. (1) obtained by 
using the corresponding experimental PVT data of the liquid rubidium metal at high pressures. The 
accuracy of the above method for a number of normal, quantum, and metallic liquid has been shown to 
be quite well. Since B  and C are temperature dependent so do ε  and minr , it turns out that the model 
potential function becomes temperature dependent. Therefore the method is not only accurate in the 
thermodynamic sense but also it provides means for the accurate determination of the effective 
interaction potential function. 
For most practical applications, B  and C  are linear in )/(1 T satisfactorily. This leads to a complete 
determination of an equation of state for liquid alkali metal, in particular for liquid rubidium. The role 
of B  and C  has not been investigated fully but it has been determined that, in the case of normal 
liquids, the variation of B  conforms to 2B . The method of investigation and the role of B  have been 
reported recently for liquid cesium and a brief introduction will be given in the following section. 
 
2.2 The non-spherical 2B  
The slope of the )( nm −  isotherm B , is in relation with the attraction part of LJ )( nm −  potential 
function. This might accounts for the fact that B  conforms to 2B  [10]. Since the electronic structure of 
the metal atom is manifested by the thermodynamic properties of the liquid system B , therefore, the 
calculated B  may be regarded as an estimate of the interatomic electronic interaction. In this liquid 
metal system, the total interaction potential energy is contributed by ion-ion, ion-electron, and electron-
electron interactions, as well as interparticle interaction due to dispersion forces. Generally, the 
dispersion of electron density of an atom could lead to an angular contribution to the interaction 
potential [7]. Any non-spherical interaction is contributed by the distribution of electron density 
resulted by the superposition of atomic orbitals. The distribution of charge density can be well-
approximated by a multipole expansion of the charge density [11]. 
The total interaction potential energy U , of an N-atom liquid system composed of radial and 
angular contributions, can be represented by the sum of pair interactions using the pair potential 
function )( ijru , where ijr  is the distance between the ith and jth atoms, and the potentials of charge 
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distribution oriented in space by the superposition of occupied atomic orbital ),,( jiijrv ωω , where 
iω and jω  are angular variables determining the orientation of ith and jth atoms: 
∑
=>
ωω+=
N
ji
jiijij rvruU
1
),,()(         (4) 
Quite obviously, the second virial coefficient of this system can be represented by the sum of radial and 
angular (non-spherical) contributions. Since the radial contribution is substantially lager than the 
angular contribution, therefore it can be treated by the perturbation method: 
 ijijij BBB ][][][
ns
2
radial
22 +=         (5) 
where superscript ns and radial stand for non-spherical and radial contributions, respectively.  
Using the (radial) pair potential function )( ijru , the second virial coefficient due to radial 
contribution at a given temperature can be evaluated by numerical integration:  
drrTkruNB ji
2
0
radial
2 )])/((exp1[2 B∫∞ −−π=       (6) 
To calculate the non-spherical part of 2B , we follow the formulation given by Kielich [11]. (The 
details are shown in Appendix A.) The results show that the ns2B  can be calculated in terms of values of 
the moments appeared in the expansion, and thus we consider all effective interactions between 
available moments, approximated by the non-spherical charge distribution of atoms in the liquid 
system.  
Three types of interactions contributing to ns2B  can be identified for rubidium based on multipole 
expansion (see next section and Table 1): 
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where Θ  and Φ  represent quadrupole and hexadecapole, respectively. 
The first term on the right hand side of the Eq. (7) is due to quadrupole-quadrupole interaction 
Θ)-(Θ  with 2=p  and 2=q :       
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In the same way, second term represents the quadrupole-hexadecapole interaction Φ)-(Θ  with 2=p  
and 4=q : 
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And the last term represents hexadecapole-hexadecapole interaction Φ)-(Φ  with 4=p  and 4=q : 
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Accordingly, by substituting the above relations in the Eq. (7),  
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3. Result and Discussion 
For a large number of atomic and molecular fluids, LJ (12-6) potential function accounts for the 
pairwise interaction approximation between the fluid molecules undergoing dispersive interaction as 
the major interaction [4]. Liquid alkali metals have been treated thermodynamically by methods of 
dense normal fluids [12], in which case the structure of liquid is determined essentially by the repulsive 
side of the potential function. Since the single valance electrons of the two colliding alkali metal atoms 
overlap to form a weak chemical bond, it causes the repulsion potential becomes softer than those of 
normal fluids. On the other hand, alkali metal atoms in liquid state are readily polarized such that the 
potential function at long range is contributed by more attraction than those of normal fluids [13]. In 
particular the potential of a light alkali metal has a narrow and deep (hard repulsion) potential well, and 
a heavy alkali metal has a wide and shallow (soft repulsion) potential well. 
The experimental structural studies by neutron scattering of liquid cesium as a function of 
temperature and pressure [14], have shown the density dependence of the effective interaction 
potentials of expanded alkali metals on density. These studies have shown that at high densities an 
alkali metal atom interacts with a soft core repulsion at small interatomic distances, and with a weak 
attraction at intermediate interatomic range [14,8]. The repulsive side of this potential has been 
analyzed in terms of an inverse power law, mija/r.,e.g , where a is a constant. Here for cesium, m=7.7, 
6.8, and 5.6 at 773 K, 1373 K, and 1673 K, respectively. For rubidium, the corresponding m=12.4, 9.6, 
9.2, and 8.3 have obtained at 350 K, 900 K, 1400 K, and 1700 K, respectively [8]. The s'm  values for 
rubidium are larger, indicating the smaller the size of an alkali atom the harder the electronic cloud. 
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These observations have shown that the repulsive side of the potential function suitable for rubidium 
has a power law with 6>m .   
In 1991, Kozhevonikov et al. [15] have used their experimental PVT  data of liquid cesium in the 
range 400 K-2000 K and have reported the internal pressure intP . Then using these data augmented 
with intP  at the proximity of absolute zero of supercooled state [16], they have derived an effective pair 
potential function. This potential function includes the boundary condition 0int =P  at σ=ijr  through 
minrrij =  and beyond, where σ is the hard sphere diameter. From analysis of the experimental data on 
intP  of the liquid cesium, the value of )5.8(=m  and )4(=n  has been determined, and thus the pair 
potential function  ( ) ( )[ ]45.8)( ijijij rrεAru σ−σ=  have been proposed to account for the interatomic 
interaction to model and to predict the thermodynamic properties of cesium fluid significantly accurate. 
[A=3.6914, min
5.4/1)125.2( r−=σ ] 
By the application LJ (8.5-4) potential function (above) and employment of the previous method 
(section 2.1), it is predicted that the isotherm 3/5.8)1( VZ −  for cesium is an accurate linear function of 
3/5.4)/1( ρ  [17], from freezing point up to the critical point. We have noticed that the same potential 
function is applicable to liquid rubidium, however, with much higher accuracy. In Figure 1(a), the 
isotherms are plotted for liquid rubidium in the range of 500 K-1600 K. To construct the isotherms, 
PVT data has been taken from references 18 and 19. For comparison, the same isotherms calculated 
using LJ potential function with selected powers m  and n  are also considered (see eq. 1). As a result, 
the (8.5-4) isotherm presented in this work applies quite well to liquid rubidium over the whole liquid 
range as indicated by the linear correlation coefficient squared )( 2R  of the corresponding isotherms. 
Parameters B  and C  are rather linear functions of (1/T ) [see Figures 1(b) and 1(c)]. The molecular 
parameters minr  and ε  can be calculated using the numerical values of B  and C  [see Eqs. (2) and (3)]. 
The minr  increases almost linearly with temperature, a plot of which is shown in Figure 2 in the range 
500 K-1600 K. By using the (8.5-4) isotherm, the values of Bk/ε  are calculated; these values smoothly 
decrease as temperature is increased [see Figure 3(a)]. The value of ε  in our model is actually the 
interaction energy of a rubidium atom with all its nearest neighboring atoms. Indeed, we have to 
include the values of coordination number to have a meaningful potential well-depth. To achieve this  
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Figure 1. (a) Plots of isotherms (lines are the linear fit), (b) the values of B, and (c) the values of C 
(lines are trend lines). 
 10
4.95E-10
5.05E-10
5.15E-10
5.25E-10
5.35E-10
5.45E-10
450 650 850 1050 1250 1450 1650
T/K
r m
/m
et
er
we have used the experimental coordination number reported in references 20, 21, and 22. Then the 
coordination number at a particular T  could be obtained by a smooth interpolation. 
Now, by these coordination numbers, it is seen that Bk/ε  smoothly decreases with temperature and 
almost levels off at 1100 K and increases afterward [see Figure 3(b)].These observations are in general 
the same as the result for cesium except for the fact that cesium shows some wiggling at the 
thermodynamic states at which (second order) transitions are occurred. 
 
 
 
 
 
 
 
Figure 2. Plot of minr  versus temperature for liquid rubidium metal. The line is the trend line. 
So far we have demonstrated the employment of our theoretical model to derive and characterize 
the isotherm of the Eq.(1) for rubidium. Following the application of the characteristic potential 
function and consideration of the resulted parameters of the isotherm has led us to propose B  is 
equivalent to the contribution of non-spherical part of the potential function to the second virial 
coefficient. The (8.5-4) potential function is not angle dependent, and thus special technique must be 
used to calculate ns2B  resulting from interaction of the interatomic electron densities localized non-
spherically in space as the superposition of the individual electron orbital wave functions. 
To calculate the value of ns2B , we perform the tensor calculations, which involve the moments and 
the corresponding orders of the multipoles (see the Appendix A). For rubidium, pole2 −p  moments 
are determined by reference to the Gaussian 98W program [23], by applying density functional theory 
(B3LYP method) and different basis sets. As a result of these calculations, for quadrupole 2=p  and 
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for hexadecapole 4=p . The multipoles and polarizability of the rubidium atom and the values of all 
components determined by different basis sets are shown in Table 1, where only the quadrupole and 
hexadecapole have nonzero components. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Plots of (a) Bk/ε  versus T  and (b) Bk/ε  normalized with respect to  
coordination number versus T . Lines are trend lines. 
 
We use the output of 3-21G** basis set to calculate ns2B . The reason for selecting this basis set is its 
ability to predict the polarizability more accurate than the other basis sets in comparison with the 
available experimental polarizability. For rubidium, the experimental polarizability 329=α  (in atomic 
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unit) [24]. Our effort for defining (to Gaussian 98W program) specific basis set based on available 
exponents and coefficients data of the primitive Gaussian functions for rubidium [25], did not lead to a 
better polarizability.  
The value ns2B  is determined by a two-parameter pair potential function ),()( εσfru = , which, in 
our method, is used to determine the isotherms defined by Eq. (1) with )5.8(=m  and )4(=n . 
Therefore, from Eqs. (2) and (3) it can be seen the ns2B  is implicitly proportional to B  and C . 
 
Table 1. Components of multipoles and polarizability determined at the different 
levels of theory for rubidium. 
 
Basis sets Momentsa 
SDD LanL2Dz LanL2MB STO-3G 3-21G** CEP-4G 
q 0 0 0 0 0 0 
zyx ,, µµµ  0 0 0 0 0 0 
zzyyxx Θ,Θ,Θ  -25.216 -27.035 -27.603 -19.815 -28.978 -15.575 
xzyzxy Θ,Θ,Θ  0 0 0 0 0 0 
xyzxzzyyzyyx
xxzxxyzzzyyyxxx
Ω,Ω,Ω,Ω
,Ω,Ω,Ω,Ω,Ω
 
0 0 0 0 0 0 
zzzzyyyyxxxx ,, ΦΦΦ  -123.13 -154.39 -167.57 -24.16 -141.91 -144.91 
zzzyzzzxyyyz
yyyxxxxyxxxz
,,
,,,
ΦΦΦ
ΦΦΦ
 
0 0 0 0 0 0 
yyzzyyzzxxyy ,, ΦΦΦ  -41.04 -51.46 -55.85 -8.05 -47.30 -48.30 
zzxyyyxzxxyz ,, ΦΦΦ  0 0 0 0 0 0 
polarizability 
( ) 3zzyyxx α+α+α=α  
297.27 345.16 364.60 20.50 338.57 400.81 
a legend of moments: q, Coulomb; µ , Debye; Θ , Debye-Ang; Ω , Debye-Ang2; Φ , Debye-Ang3; α , atomic unit 
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It is important to compare B  with 2B  values calculated by integration using the LJ (8.5-4) potential 
function, and with ns2B  values obtained by the procedure of the section 2.2. These comparisons are 
shown in Figure 4. Notice that the value of B  varies smoothly and is less than experimental 2B  at all 
temperature. It can be seen that the trend of B  mimics the corresponding theoretical ns2B  value, 
although its absolute value is smaller at low temperatures and it comes into close agreement with ns2B  
at high temperatures. On the other hand it is disagree with 2B  and its values differ by 2 to 4 orders of 
magnitude at all temperatures. 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Comparison of B  with ns2B  as function of temperature. Experimental and  
theoretical s'2B  are shown.    
The general form of the Eq. (1) allows inspection of the accuracy of a particular LJ (m-n) potential 
function for a given fluid, liquid rubidium metal in this case. In spite of the results obtained on liquid 
rubidium reported in reference 8, we found that LJ (8.5-4) and LJ (9-4) are the suitable potential 
functions as the following details. With these two potential functions, the linear isotherms are produced 
with excellent correlation coefficient. The potential well-depth ε , and the hard sphere diameter σ , are 
in quite agreement with experiment. Accordingly the values of B  versus ns2B  (which is of particular 
interest in the present study) are in good agreement at high s'T , while are in fair agreement at low s'T . 
With other potential, say LJ (12-6) potential, B  comes in closer agreement with ns2B  almost at all 
temperatures, however, no accurate correlation coefficient for the corresponding isotherms and 
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molecular parameters can be obtained. We found it naive selecting LJ (12-6) potential as the 
characteristic potential function of rubidium once we further investigate prediction of transport 
properties such as viscosity and thermal conductivity of the vapor state of rubidium (the details and 
other applications to be published). For LJ (8.5-4) and LJ (9-4) potential, the absolute average deviation 
of viscosity is within 3.68%, and 5.36% of the experiment respectively, whereas it is within 10.38% for 
LJ (12-6). In the same way thermal conductivity is within 4.45%, and 6.16% of the experiment for LJ 
(8.5-4) and LJ (9-4) potential, respectively, whereas it is within 9.64% for LJ (12-6). The calculation 
for viscosity and thermal conductivity are performed by the calculation of the corresponding collision 
integrals in the temperature range 1000 K to 1600 K. 
As stated earlier, a rather good agreement is evident at high s'T , whereas at low s'T  a fair 
agreement exists (see Figure 4). For LJ (12-6), we have compared B  with ns2B  in a separate plot (not 
shown). In this case B  follows the trend of corresponding ns2B  rather perfectly and shows less 
deviation as compared with the case of LJ (8.5-4) potential. Comparisons are also made with 2B 's 
calculated by integration [Eq. (6)] using (8.5-4) potential function and with that of experimental data. 
Note that the experimental second virial coefficient is determined (in this work) by fitting the 
experimental data in a virial equation of state involving coefficients up to the sixth virial coefficient. It 
can be seen that the agreement at all temperature is good with some small deviations at low and high 
temperatures.               
In short, the equation of state for liquid rubidium metal is determined by using a suitable potential 
function and its accuracy is evaluated by considering the accuracy of the derived linear isotherm. The 
parameters of the linear isotherm allow calculation of potential parameters from which non-spherical 
contribution to the second virial coefficient can be deduced.   
   
4. Conclusion 
Accurate equation of state for liquid rubidium metal has been derived by applying LJ (8.5-4) 
potential function. The accuracy of the equation of state has been substantiated by the accuracy of the 
linear isotherms over the whole range of liquid state where the experimental PVT  is available. From 
the slope and the intercept, parameters of the LJ (8.5-4) potential function have been determined. The 
multipole moments determined by the Gaussian program have been accurate enough for the 
perturbation calculations. By the perturbation method, it has been shown that the slope, which is related 
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to the attraction part of the potential function, analytically conforms and numerically contributes to the 
non-spherical part of the second virial coefficient. 
 
Abbreviations 
List of symbols 
a  constant 
A constant of potential function 
B, C constants of the equation of state 
2B  second virial coefficient 
Bk  Boltzman factor  
bccK  unit cell constant 
)()( , qj
p
i MM  pole-2
p  and pole-2q  electric moments 
N Avogadro’s number 
P pressure 
q charge of point charge 
r intermolecular distance 
R gas constant 
2R  linear correlation coefficient squared 
T temperature 
u pair potential 
U total potential energy 
V molar volume 
v angular potential function 
Z compression factor 
 notation for average value 
Greek symbols 
α  components of polarizability 
α  average polarizability 
β  constant related to exponent n and m 
ε  potential well-depth 
 16
ρ  molar liquid density 
σ  hard-sphere diameter 
ω  angular orientation 
µ  dipole moment 
Θ  quadrupole moment 
Ω  octapole moment 
Ω  average angular part 
Φ  hexadecapole moment 
Subscripts 
bcc body centered cubic 
i, j  atoms 
int  internal 
min minimum of potential well 
x, y, z cartesian coordinate 
Superscript 
n, m exponents of the potential function  
ns non-spherical 
p, q order of multipole moment 
radial radial 
Θ  quadrupole moment 
Φ  hexadecapole moment 
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Appendix A 
The atoms i and j can be assumed to have arbitrary charge distributions with pole-2 p  )( piM and 
pole-2q  )(qjM  electric moments, respectively. The angular contribution to the second virial coefficient 
at temperature T  can be calculated by  
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where indexes i and j run over all atoms, and ∫∫ == ji dd ωωΩ . After determining function for angular 
dependence of the orientation of multipole and performing the integration over the angular part of the 
integrand, the following relation is finally obtained: 
 ∑∑∞
=
++−∞
=
+
×++
+−=
0
)1(2)()()()(
0
2
22
B
ns
2 )][)(][()!12()!12()!2()!2(
)!!()!22(2
6
][
p
qp
ij
q
j
q
j
p
i
p
i
q
qp
ij rMrMMrMqpqp
qpqp
Tk
NB  
            (A2) 
where 
 ∫ ⎟⎟⎠
⎞
⎜⎜⎝
⎛−= ++−++− ijijijqpijqpij drrTk
ru
rr 2
B
)1(2)1(2 )(exp        (A3) 
The aforementioned formulation considers a system made of a mixture of two different species i and j. 
for the system consists of pure liquid rubidium metal, i and j are the same and, therefore, the indexes i 
and j will be dropped in the subsequent derivation. 
 
